Asymptotic Classification of the Positive Solutions of the Nonautonomous Two-Competing Species Problem  by Tineo, Antonio
 .JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 214, 327]348 1997
ARTICLE NO. AY974959
Asymptotic Classification of the Positive Solutions
of the Nonautonomous Two-Competing
Species Problem
Antonio Tineo
Departamento de Matematicas, Uni¨ ersidad de Los Andes, Facultad de Ciencias,
5101 Merida, Venezuela
Submitted by J. Eisenfeld
Received December 17, 1993
0. INTRODUCTION
w xIn 4 , De Mottoni and Schiaffino considered the nonautonomous
Lotka]Volterra system
u9 s u a t y b t u y c t ¨ .  .  .
0.1 .
¨ 9 s ¨ d t y e t u y f t ¨ .  .  .
and assumed that the coefficients were continuous and periodic functions
of the same period. Using a geometric analysis combined with the mono-
tonicity properties of the solutions, they obtained interesting consequences
w xon the dynamics of this system. One of the key results of 4 is Theorem
4.8. This result partially describes the possible configurations of the
attracting set of the semitrivial periodic solutions and is implicitly used
 .several times throughout the paper in particular in Theorems 5.4 and 5.9 .
w xWhile this result is correct, the proof provided in 4 is somehow incom-
plete. Actually, it assumes a priori that only certain configurations should
be considered and does not look at a situation that, at that moment of the
proof, cannot be disregarded. See the Remark to Theorem 5.6 in our
.paper. In the opinion of the present author, the modifications required to
complete the proof are nontrivial see Proposition 5.4 and Theorem 5.6 of
.our paper , and this fact has motivated this paper. In the process we obtain
a full characterization of the attracting set of the semitrivial periodic
solutions and a new formulation of the results that allows an extension to
the nonperiodic case.
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In the following, we assume that a, . . . , f : R ª R are continuous func-
tions bounded above and below by positive constants.
 .  .Let S be the set of all nonnegative solutions of 0.1 and let dom S be
the domain of the point S of S. We shall describe the following subsets of
  . 4   . 4S: S [ S g S: dom S s R , S [ S g S : S t ª 0 as t ª y` , and2 1 2
S [ S _ S . Actually, we shall show that S is ``homeomorphic'' to a0 2 1 0
 .compact interval and determines the dynamics of 0.1 .
 .More precisely, let U resp. V be the unique solution to the logistic
w  .  . x  w  .  . x.equation x9 s x a t y b t x resp. x9 s x d t y f t x , which is de-
fined on R and bounded above and below by positive constants. We shall
prove:
 .0.1. THEOREM Reduction of the Dimension . For each fixed t g R,
w  .x w  .xthere is a continuous and strictly decreasing function f : 0, U t ª 0, V tt
such that:
 .  .  .   ..a f 0 s V t , f U t s 0t t
 .  .  .   ..b u, ¨ g S iff ¨ t F f u t2 t
 .  .  .   ..c u, ¨ g S iff ¨ t s f u t .0 t
 .  .  .Moreo¨er, the function f t , x [ f x ; t g R, 0 F x F U t ; is continu-t
ous. E¨en more, f is almost periodic if a, . . . , f are almost periodic.
 . w xRemarks. a Theorem 0.1 improves Theorem 4.5 of 4 .
 .  .  .b Let u, ¨ g S and let f t, x be given by Theorem 0.1, then0
 .   ..¨ t s f t, u t , and thus u is a solution to the scalar system
x9 s x a t y b t x y c t f t , x . .  .  .  .
 .0.2. THEOREM. For each positi¨ e S s u, ¨ g S _ S , there is S s0 0
 .  . .  .u , ¨ g S such that, u y u ¨ y ¨ ) 0 on dom S and0 0 0 0 0
S t y S t ª 0 as t ª q`. 0.2 .  .  .0
w .  .  .We recall that t , ` ; dom S if t g dom S and S g S.
w xTheorem 0.2 is a weak version of Theorem 4.1 of 4 and says that the
 .dynamics of 0.1 is determined by S .0
w x To end this paper we study, for each fixed S g S , the set S [ S g0 0 0
 . 4S: 0.2 holds . Some precise results are obtained when a, . . . , f are almost
periodic. In the periodic case we get the following accurate characteriza-
w .x   . w .x4tion of U, 0 [ S 0 : S g U, 0 .0
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0.3. THEOREM. If a, . . . , f are T-periodic for some T ) 0, then for the set
w .xU, 0 only one of the following three possibilities exists:0
 . w .x  .  4a U, 0 s 0, ` = 00
 . w .x  . w .b U, 0 s 0, ` = 0, `0
 . w .x  .  .4  .c U, 0 s x, y : 0 - x - b , 0 F y - c x j x, y : x G b ,0
4y G 0 ,
 .  .where c : 0, b ª 0, ` ; 0 - b F `; is a strictly increasing continuous
 . q  . yfunction such that c x ª 0 as x ª 0 and c x ª ` as x ª b , if
 .  .b - `. In this case, 0.1 has a T-periodic solution u, ¨ such that u ) 0
and ¨ ) 0.
 . T w  .Remarks. a It is not hard to show that the condition H d s y0
 .  .x w .x  .  4.e s U s ds - 0 implies U, 0 / 0, ` = 0 , and hence, Theorem 0.30
w ximproves Theorem 4.8 of 4 .
 .  .  .b By the change of variables u, ¨ ª ¨ , u we obtain a descrip-
w .x w xtion of 0, V . From this, and Theorem 4.1 of 4 , we get in the periodic0
case, the following Competitive Exclusion Principle: Either one species
disappears or there exists a coexistence state.
1. THE LOGISTIC EQUATION
In the following, C denotes the space of all bounded continuous func-
 .  .tions f : R ª R. For f g C we define f s inf f , f s sup f . Finally,L M
 4we define C [ f g C: f ) 0 .q L
The following result is well known, and we omit the proof.
1.1. THEOREM. Let a, b g C . Then, the equationq
x9 s x a t y b t x 1.1 .  .  .
has a unique solution U in C . In fact,q
y1
t t
U t s b s exp y a t dt ds 1.2 .  .  .  .H H /y` s
and we ha¨e,
 .  .  .a arb F U F arbL M
 .b U is T-periodic if a, b are T-periodic
 . w xc U is almost periodic 3 , if a, b are almost periodic.
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 .If u is a positi¨ e solution to 1.1 we also ha¨e:
 .  .  . w .  .d If t g dom u [ maximal domain of u, then t , ` ; dom u
 .  .and u t y U t ª 0 as t ª q`
 .  .  .  .e dom u s R if and only if u t F U t for some t g R
 .  .  .f If u k U and dom u s R then, u t ª 0 as t ª y`.
 .The proof of part c abo¨e follows from the same arguments in Theorem 2
w x w xof 1 . It is also a consequence of Theorem 10.1 of 3 .
 .  .1.2. PROPOSITION. Let u: R ª 0, ` be a solution to 1.1 . If b g Cq
and a: R ª R is continuous and bounded abo¨e, then u is bounded and
 .u F arb .M M
Proof. Let us fix t g R. It is easy to prove that
u t F max u t , arb if t G t . 1.3 4 .  .  .  .M
 .Assume now that u is unbounded. By 1.3 , there exists a sequence
 .s ª y` such that u s ª q`. If we define w s 1ru, then w9 q aw s bn n
 . w xand lim inf w t s 0. By the arguments in 5, Sect. 2 , there exists at ªy`
 .  .sequence t ª y` such that w t ª 0 and w9 t ª 0 as n ª `. Sincen n n
  .4   .4b t is bounded, we can assume, without loss of generality, that b tn n
  .  .4converges and so, a t w t converges to a positive real number. Fromn n
 .here, a t ª q` and this contradiction shows that u is bounded.n
w x  .  .By the results in 5 , there is a sequence t in R such that u t ª un n M
 .  .and u9 t ª 0. By 1.1 ,n
u s lim a t rb t , .  .M n n
nª`
and the proof follows easily.
 .2. COMPARISON OF SOLUTIONS TO 0.1
 .  .In the following, a, . . . , f g C and u, ¨ denotes a solution to 0.1 .q
 .  .The maximal domain of u, ¨ is denoted by dom u, ¨ .
 .   . .  .  .If u t s 0 u t ) 0 for some t in dom u, ¨ , then u s 0 u ) 0 in
 .dom u, ¨ . A similar result holds for ¨.
 .  .   .  . .If u t G 0 and ¨ t G 0 u t ) 0 and ¨ t ) 0 for some t in
 .  .  .dom u, ¨ , we say that u, ¨ is nonnegative positive . In this case, it is well
w .  .  . w .known that t , ` ; dom u, ¨ and u, ¨ is bounded on t , ` .
 .2.1. PROPOSITION. Assume that u, ¨ is positi¨ e and let us fix t g
 .  .  .  .dom u, ¨ . If w is the solution to 1.1 gi¨ en by w t s u t then, u - w in
 .  .  .  .  .t , ` , dom u, ¨ ; dom w , and w - u in y`, t l dom u, ¨ .
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 .Proof. It is not hard to prove that u - w in t , ` and w - u in
 .  .dom w l dom u, ¨ . The proof now follows easily.
 .  .  .In the following, u , ¨ , u , ¨ denote positive solutions to 0.1 such1 1 2 2
 .  .  .that u , ¨ / u , ¨ . We also write D s dom u , ¨ .1 1 2 2 i i i
2.2. Remark. Let us fix t g D l D . The following facts are more or1 2
less well known.
 .  .  .  .  .a If u t F u t and ¨ t F ¨ t , then u - u and ¨ - ¨ on1 2 1 2 1 2 1 2
 .y`, t l D l D .1 2
 .  .  .  .  .b If u t G u t and ¨ t G ¨ t , then u ) ¨ and ¨ ) ¨ on1 2 2 1 1 2 2 1
 .t , ` .
 .2.3. PROPOSITION. Assume that u ) u and ¨ ) u in t , ` for some1 2 1 2
t g D l D . Then,1 2
u t y u t , ¨ t y ¨ t ª 0, 0 as t ª q` .  .  .  .  . .1 2 1 2
 .  .Proof. Let us write h s u ru y 1, k s ¨ r¨ y 1. Then, h, k ) 01 2 1 2
and
h9 s ybu h y c u ru ¨ k .1 1 2 2
2.1 .
k9 s ye ¨ r¨ u h y f¨ k . .1 2 2 1
 .In particular, h9 - 0 and k9 - 0 in t , ` and hence there exist h [`
 .  .lim h t G 0, k [ lim k t G 0.t ª` ` t ª`
 .  .  .  .If h s 0 then u t y u t s u t h t ª 0 as t ª q`.` 1 2 2
Assume now that h ) 0 and let us fix s ) t . Then, there is a positive`
 .  .constant m such that b t h t G m if t G s . On the other hand, h9 q
bu h - 0, and hence,1
t t
m u s ds F b s h s u s ds - h t y h t .  .  .  .  .  .H H1 1
s s
for all t G s . From this
t
u s ds F h t y h rm .  .H 1 `
s
 . X w .and thus u t ª 0 as t ª q`, since u , u are bounded on t , ` . So,1 1 1
 .  .  .u t ª 0 as t ª q`, since u - u . Consequently, u t y u t ª 0 as2 2 1 1 2
t ª q`.
 .  .Similarly, we prove that ¨ t y ¨ t ª 0 as t ª q`, and the proof is1 2
complete.
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 .In the following, U resp. V denotes the unique solution in C of theq
w  .  . x  w  .  . x.logistic equation x9 s x a t y b t x resp. x9 s x d t y f t x .
 .  .2.4. PROPOSITION. If u, ¨ is positi¨ e and dom u, ¨ s R, then u - U
and ¨ - V.
w  .Proof. Notice first that u is a solution to the equation x9 s x a t y
 . xb t x , where a s a y c¨ - a F a . By Proposition 1.2, u is bounded.M
Analogously, ¨ is bounded. Now, let us fix t in R and let w be the solution
 .  .  .  .to 1.1 such that w t s u t . By Proposition 2.1, we have dom w s R
 .  .  .  .and by Theorem 1.1, w F U. Thus, u t F U t . Analogously, ¨ t F V t
and so, u F U and ¨ F V.
 .  .Assume now that u t s U t for some t . By Proposition 2.1 we have
 .U - u in y`, t and this contradiction shows that u - U. The proof now
follows easily.
 .2.5. PROPOSITION. There is « ) 0 with the following property: If u, ¨ is
 .  .  .positi¨ e and u t - « and ¨ t - « for some t then dom u, ¨ s R and
  .  ..  .u t , ¨ t ª 0, 0 as t ª y`.
 . Proof. Let us choose « ) 0 such that a ) b q c « and d ) e qL M L
.  .  .  .  .f « . If u t and ¨ t - « , then u9 t , ¨ 9 t ) 0, and there is d ) 0 suchM
 .  .  .that u - u t and ¨ - ¨ t in t y d , t .
 .  .  .Now it is easy to prove that dom u, ¨ s R, u - u t , and ¨ - ¨ t in
 .  . y`, t and therefore, u9, ¨ 9 ) 0 in this interval. In particular, u t resp.
 ..  .   ..¨ t has a finite limit u y` resp. ¨ y` as t ª y`.
 .  .  .Since u t - u t - « and ¨ t - « for t - t , we get
u9 t ru t ) a y b t « y c t « G a y b q c « ) 0 .  .  .  .  . ML L
 .and thus, u t ª 0 as t ª y`. Analogously, the same holds for ¨ and the
proof is complete.
 .  .  .2.6. PROPOSITION. Assume dom u , ¨ s R. If u t F u t and2 2 1 2
 .  .  .   .  ..  .¨ t F ¨ t then, dom u , ¨ s R and u t , ¨ t ª 0, 0 as t ª y`.1 2 1 1 1 1
 .Proof. By Remark 2.2 we get u - u and ¨ - ¨ in y`, t l D1 2 1 2 1
 .and hence, dom u , ¨ s R, since u , ¨ are bounded.1 1 2 2
 .Now, let us define h, k as in Corollary 2.3. Then, h, k is a solution to
 .  .2.1 and y1 - h, k - 0 in y`, t . In particular h9, k9 ) 0 in this interval
 .and thus, h q k is increasing and bounded on y`, t . Hence there exists
 .  .a sequence t ª y` such that h q k 9 t ª 0.n n
 .  .  .  .  . Since h9 t ª 0, then 2.1 implies b t h t u t ª 0. Notice thatn n n 1 n
 . .  .  .h9 q bu h - 0 in y`, t . So, u t ª 0. Analogously, ¨ t ª 0, and1 1 n 1 n
the proof follows from Proposition 2.5.
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3. THE PROOF OF THEOREM 0.1
 .In the following, S denotes the set of all nonnegative solutions to 0.1 .
  . 4   .We also define S s S g S: dom S s R , S s S g S : lim S t2 1 2 t ªy`
 .4  .   . 4s 0, 0 , and S s S _ S . If t g R, we define S t s S t : S g S .0 2 1 1 1
 . 2  . Given p s x, y g R , we write p G 0 resp. p ) 0 if x, y G 0 resp.
. 2  2 4 2x, y ) 0 , and we let R s p g R : p G 0 . If p g R and t g R weq q
 .   .  ..  .define S t, t , p [ u t, t , p , ¨ t, t , p as the solution to 0.1 satisfying
  .  ..  .  2the initial condition u t , ¨ t s p. It is clear that S t s p g R :1 q
 . 4S ?, t , p g S .1
 .  .3.1. PROPOSITION. a S t is a compact set.2
 .  . 2b S t is an open subset of R .1 q
 .  .Proof. a If p g S t , then by Proposition 2.4,2
S t , t , p g 0, U t = 0, V t 3.1 .  .  .  .
 . w  .x w  .xfor all t g R, and hence S t ; 0, U t = 0, V t .2
 .  .  .Now, let p be a sequence of S t which converges to q. Since 3.1n 2
holds if we replace p by p , the same is true if we replace p by q for alln
 .  .  .t g dom S ?, t , q . Thus, S ?, t , q is defined on R and the proof of a is
complete.
 .  .b Let « ) 0 be given by Proposition 2.5 and let p g S t . Then1
 . w . w .there exists T in R such that S T , t , p g 0, « = 0, « , and hence there
2  . w . w .exists a neighborhood N of p in R such that S T , t , q g 0, « = 0, «q
 .for all q g N. Using Proposition 2.5 it is easy to show that N ; S t . So,1
the proof is complete.
3.2. THEOREM. Let us fix t g R. Then, there exists a continuous and
w  .x w  .xstrictly decreasing function f : 0, U t ª 0, V t such thatt
 .  .  .   ..a f 0 s V t and f U t s 0t t
 .  .  . 2  .  .4b S t s x, y g R : 0 F x F U t , y F f x .2 q t
Moreo¨er,
 .  .  .  . 2  .  .4c S t _ S t s x, y g R : 0 F x F U t , y s f x .2 1 q t
 .  .Proof. Let us write A s S t . By Theorem 1.1, x, 0 g A if 0 F x F2
 . w  .x w .  .   .U t . So, we can define f : 0, U t ª 0, ` by f x s sup y G 0: x, yt t
4  .g A . It is clear that b is satisfied. Notice also that, by Theorem 1.1,
 .  .   ..f 0 s V t , and by Proposition 2.4, f U t s 0.t t
Let p g A. By Proposition 2.6, we know that q g A if 0 F q F p, and
hence f is decreasing.t
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 .  .  .  .  .If x, y , x, z g A and y - z then x, y g S t see Proposition 2.61
 .and hence x, y is an interior point of A. From this, f is continuous. Thet
 .same argument proves part c .
 .  .  .Let x, y , z, y g A. If x - z, then x, y is an interior point of A and
thus f is strictly decreasing. So, the proof is complete.t
 .  .  .We define the separatrix of 0.1 as the function f t , x [ f x ;t
 .t g R, 0 F x F U t ; where f is given by Theorem 3.2. In the following,t
 .  .f t , x denotes the separatrix of 0.1 .
3.3. Remark. f is continuous. To prove this, suppose that there exists a
 .  .sequence t , x in the domain of f converging to t , x , and d ) 0 suchn n
that
f t , x y f t , x G d for all n. 3.2 .  .  ..n n
  .4Since f t , x is bounded, we can assume, without loss of generality,n n
 .   ..that f t , x ª z for some z g R. Now, define p s x , f t , x andn n n n n n
 .  .  .  .p s x, z . Then, S t, t , p ª S t, t , p for all t g dom S ?, t , p andn n
 .thus dom S ?, t , p s R.
 .Let « ) 0 be given by Proposition 2.5, then S t, t , p does not belongn n
w . w .to 0, « = 0, « for any t g R, n G 1. Therefore, the same holds for
 .  .  .  .S t, t , p and so, p g S t . By Theorem 3.2, z s f t , x and by 3.2 ,0
<  . <z y f t, x G d . This contradiction ends the proof.
3.4. Remark. If a, . . . , f are almost periodic then the separatrix f is
 .almost periodic. To show this, let us fix a real sequence t . Without lossn
of generality, we can assume that there exists a#, . . . , f# such that
a t q t ª a# t , . . . , f t q t ª f# t as n ª q` .  .  .  .n n
w xuniformly on t g R. Using the arguments in 1 , we shall show that
 .  .  .f t q t , x ª f# t , x , uniformly on t g R and 0 F x F U t q t forn n
all n; where f# is the separatrix of the system
u9 s u a# t y b# t u y c# t ¨ .  .  .
3.3 .
¨ 9 s ¨ d# t y e# t u y f# t ¨ . .  .  .
w x  .  .Notice that, by the arguments in 1 , U t q t ª U# t as n ª q`n
uniformly on t g R, where U# is the unique solution to the logistic
w  .  . xequation x9 s x a# t y b# t x .
 .4Assume now that there exists a sequence u , x and « ) 0 such thatn n
 .u g R, 0 F x F U u q t andn n n n
f u q t , x y f# u , x G « , for all n. 3.4 .  .  .n n n n n
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Since a, . . . , f are almost periodic and f, f#, U are bounded, we can
assume that there are a, . . . , f g C and x, y, z g R such that x ª x,q n
 .  .  .y [ f u q t , x ª y, z [ f# u , x ª z and a t q u q t ªn n n n n n n n n
 .  .  .a t , . . . , f t q u q t ª f t as n ª q` uniformly on R.n n
  .  ..   ..   .  ..Let u t , ¨ t s S t, u q t , x , y and let u t , ¨ t be the solu-n n n n n n
tion to the system
u9 s u a t y b t u y c t ¨ .  .  .
3.5 .
¨ 9 s ¨ d t y e t u y f t ¨ .  .  .
  .  ..  . w xsatisfying the initial condition u 0 , ¨ 0 s x, y . By the arguments in 1 ,
  .  ..   .  ..u t q u q t , ¨ t q u q t ª u t , ¨ t as n ª q`, uniformly onn n n n n n
 .  .  .compact subsets of dom u, ¨ . Hence, u F arb , ¨ F drf , and thusM M
 .  .dom u, ¨ s R. On the other hand, u , ¨ g S and by Proposition 2.5,n n 0
 .  .there exists d ) 0 such that u t q ¨ t ) d , for t g R and n G 1. Thus,n n
 .   ..  .  .y s ¨ 0 s f 0, u 0 s f 0, x , where f is the separatrix of 3.5 .
 .  .Now, let u# , ¨# be the solution to 3.3 satisfying the initial condi-n n
  .  ..  .  .  .tion u t , ¨ t s x , z and let u#, ¨# be the solution to 3.5 ,n n n n
 .  .satisfying the initial conditions u 0 s x, ¨ 0 s z. By the arguments above,
 .   ..  .  .  .  .we get ¨# 0 s f 0, u# 0 , since a# t q t ª a t , . . . , f# t q t ª f tn n
 .  .as n ª q` uniformly on R. From this, z s f 0, x s y. But 3.4 implies
< <y y z G « , and this contradiction ends the proof.
 .  .3.5. Remark. Let u , ¨ g S ; i s 1, 2; and suppose that u s -i i 0 1
 .u s for some s . Then u - u and ¨ - ¨ . To prove this, notice that,2 1 2 2 1
 .   ..  .by Theorem 3.2, ¨ t s f t, u t for all t g R. Assume now that u t si i 1
 .  .  .  .  .u t , then ¨ t s ¨ t and hence u , ¨ ' u , ¨ . This contradiction2 1 2 1 1 2 2
 .  .shows that u t / u t ; t g R; and the proof follows easily.1 2
4. THE PROOF OF THEOREM 0.2
 .  . 2  .Given p s x , y , p s x , y in R , we put p ! p p ! p if0 0 0 1 1 1 0 1 0 1
 . 2x - x and y ) y x F x and y G y . For each p g R , p G 0, and0 1 0 1 0 1 0 1
t g R, we define
 4 2p s q g R : S t , t , p !S t , t , q for some t G t .  . 4t q
t 2 4p s q g R : S t , t , q !S t , t , p for some t G t .  . 4q
t0 2w x  4  4p s q g R : q / 0, q f p j p 4t tq
w x 2p s q g R : S t , t , q y S t , t , p ª 0, 0 as t ª q` . .  .  . 4t q
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 .  4  4t4.1. Remarks. a It is clear that p and p are disjoint open subsetst
of R2 . See Remark 2.2.q
 .  4   4t 4.b By Remark 2.2, we have that the conditions q g p q g pt
 .  4   4t .r ! q q! r imply r g p r g p .t
 .  4  .  .c If q g p , then there is u G t such that S t, t , p !S t, t , qt
for all t G u .
w x0  . w  .  .xw 4.2. Remark. If q g p , then d t [ u t, t , p y u t, t , q ¨ t,t
.  .x  .t , p y ¨ t, t , q G 0 if t G t , and by Remark 2.2, d t ) 0 if t g
 .  . w x0 w xdom S ?, t , p l dom S ?, t , q . From this and Corollary 23, p ; p .t t
w x0  .4.3. THEOREM. p l S t / B for all p ) 0 and t g R.t 0
w x0  .  .  .Proof. Assume p l S t s B for some p, t ; p ) 0. Then, S tt 0 0
 4  4t  .  4  .  4t  .; p j p , and thus either S t ; p or S t ; p , since S t ist 0 t 0 0
  ..  4   . .connected. This is a contradiction since 0, V t f p and U t , 0 ft
 4tp . The proof is complete.
2  .4.4. THEOREM. For each p in R ; p s x , y ) 0; and t g R, there0 0
 .  .exists a function c : a , b ª 0, ` ; 0 F a - b F q`, continuous andt
strictly increasing, such that:
 .  .  4  .  4  4  .a a , ` = 0 s 0, ` = 0 l p and c x s y .t t 0 0
 .  . yb c x ª ` if x ª b and b - `.t
 .  . qc c x ª 0 if x ª a and a ) 0.t
 .  4  .  .4  .d p s x, y : a - x - b , 0 F y - c x j x, y : x G b ,t t
4y G 0 .
 .  .  .e u t, t , p y U t ª 0 as t ª q`, if a ) 0.
 . w  . .xf a s 0 if p f U t , 0 and a, . . . , f are uniformly continuous.t
 . q w  .xMoreo¨er, c x ª 0 as x ª 0 if p f 0, V t .t t
 .  4  .Proof. By Proposition 2.1, x , 0 g p . On the other hand x, ` =0 t
 4  4  .  4  4  .  4  .  40 ; p if x, 0 g p and so, p l 0, ` = 0 s a , ` = 0 fort t t
 4 2some a G 0. Remember that p is an open subset of R .t q
  .  4 4Given x ) a , let us define A s y G 0: x, y g p , and notice thatx t
 4  4 2 A / 0 , since p is open in R . Now, define b s sup x ) a : A isx t q x
4  .  .  .  .bounded and c : a , b ª 0, ` by c x s sup A . From Remark 2.2,t t x
w .  .we have A s 0, y , and thus b G x ) a and c x s y .x 0 0 t 0 00
 . 2 2  . .  .Given u ) t , let us define S u , t : R ª R by S u , t q s S u , t , q .q q
 4   .4It is easy to prove that this maps p into S u , t , p . Moreover, ift u
 .   .4  4  .r s S u , t , q g S u , t , p then, q belongs to p , and thus S u , tu t
 4   .4 2maps ­ p in ­ S u , t , q , where ­ denotes the boundary relative to R .t u q
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 .  4Claim. If p s x , y g ­ p ; i s 1, 2; and x - x , then y F y . To1 i i t 1 2 1 2
 4show that, assume p ! p . Then there is p g p such that p ! p , and1 2 3 t 3 2
 4by Remark 4.1, p g p . This contradiction proves the claim.2 t
Assume that c is discontinuous at x#. Then there are y, z; 0 - y - z,t
 .  .  4such that x#, y , x#, z g ­ p . Let us fix u ) t . By Remark 2.2, wet
have
S u , t , x#, z !S u , t , x#, y 4.1 .  .  . .  .
  ..   ..and by the above claim, ¨ u , t , x#, z F S u , t , x#, y , since
  ..   ..   .4  .S u , t , x#, y , S u , t , x#, z g ­ S u , t , p . This contradicts 4.1 andu
shows that c is continuous.t
By the same argument, we can prove that c is strictly increasing andt
 .  .  .parts a , b , and d of our theorem are proved.
 .  .  .To prove e , let w resp. w be the solution to 1.1 given by,1 2
 .   . .  .  .  .  4w t s a resp. w t s x . Then, w t - u t , t , p since a , 0 f p ;1 2 0 1 t
 .  .  .and by Proposition 2.1, u t, t , p - w t for t ) t . The proof of e2
follows now from Theorem 1.1.
 .  .To show f , let us assume a ) 0. From e and Proposition 5.1 below,
w  . .x  .p g U t , 0 . This contradiction proves the first assertion in f .t
From the arguments above, there exists a continuous and strictly in-
 .  .  .creasing function h : 0, g ª 0, ` ; some 0 - g F `; such that, h y ªt t
y  4t  .  .4q` as y ª g if g - `, and p s x, y : 0 - y - g , 0 F x - h y jt
 . 4  . q  .x, y : x G 0, y G g . Hence, c x ª 0 as x ª 0 and h y ª 0 ast t
y ª 0q. Thus, the proof is complete.
 .  .5. THE ASYMPTOTIC BEHAVIOR OF U, 0 AND 0,V
  . .  .   ..In the next, we let P s U t , 0 and Q t s 0, V t . We shall de-t
w x w xscribe P and Q . To this end, we need some definitions and interme-t t t t
diate results.
 .  .5.1. PROPOSITION. Let u, ¨ be a positi¨ e solution of 0.1 .
 .  .  .  .  .a If lim ¨ t s 0 and lim inf u t ) 0, then u t y U t ªt ª` t ª`
0 as t ª `.
 .  .  .b If a, . . . , f are uniformly continuous and u t y U t ª 0 as t ª
 .q`, then ¨ t ª 0 as t ª q`.
 .   .  .  ..  .  .c If u t y U t , ¨ t ª 0, 0 as t ª q`, and u, ¨ is a positi¨ e
 .  .  .  ..  .   .solution of 0.1 such that u t F u t and ¨ t F ¨ t , then u t y
 .  ..  .U t , ¨ t ª 0, 0 as t ª q`.
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 .   .  ..Proof. Let us define h t s u t rU t y 1 and notice that
h9 q buh q cu¨rU s 0. 5.1 .  .
 .  . w . w xa Let t g dom u, ¨ . Then h is bounded in t , ` and so 5 there is
 .  .  .a sequence t ª q` such that h9 t ª 0 and h t ª lim sup h t .n n n t ª`
 .  .From 5.1 and our assumptions we get h t ª 0. Analogously,n
 .  .lim inf h t s 0, and the proof of a is complete.t ª`
 . w .b We know that u, ¨ are bounded in t , ` , and thus the same
w .holds for u9, ¨ 9. So, u, ¨ are uniformly continuous in t , ` . In particular, h
is uniformly continuous in this interval, since U g C and U9 g C. Fromq
 . w .  .5.1 , h9 is uniformly continuous on t , ` and thus, h9 t ª 0 as t ª q`,
 .  .  .because h t ª 0 as t ª q`. The proof of b follows now from 5.1 .
 . w .c By Remark 2.2, we have u F u and ¨ F ¨ on t , ` . Thus,
 .  .  .lim sup u t ) 0 and lim ¨ t s 0, and the proof follows from a .t ª` t ª`
 w x.Given g g C, we define see 6 the lower and upper average of g,
respectively, as
sqTy1Av g s lim inf T g t dt : s g R, T G r .  .H 5rªq` s
sqTy1Av g s lim sup T g t dt : s g R, T G r . .  .H 5
srªq`
 .5.2. PROPOSITION. Assume y3l [ Av d y eU - 0 and fix t g R.
 .  .  .Then, there exists m s m t ) 0 such that the solution u, ¨ of 0.1 gi¨ en
  .  ..   .y1  . .   .by the initial condition u t , ¨ t s d l q d U t , m satisfies u tM M
 .  ..  . w .y U t , ¨ t ª 0, 0 as t ª q`. Moreo¨er, u - U in t , ` .
Proof. Obviously, we can assume that t s 0. To simplify the proof let
us first suppose that a ' b. In this case, U ' 1.
From the definition of upper average, there is a positive constant A
such that
t
d s y e s ds F A y 2l t y s . .  .  .H
s
 .y1Now, let us define k s l q d d , a s cra, and choose a positiveM M
 .  .  . 2number T such that k A y lT F ln a ra . For x, y in R , let usL M q
  ..   .  ..  .define S t, 0, x, y s u t, x, y , ¨ t, x, y . It is clear that u t, x, 0 is a
 .  . w .solution of 1.1 and for 0 - x - 1, u9 t, x, 0 ) 0 on 0, ` . From this,
 .  . w xthere exists m s m t ) 0 such that u9 t, k, m ) 0 in 0, T .
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 .  .  .  .Let us write q t s u t, k, m and r t s ¨ t, k, m . We shall show that
 .  .q, r has the required properties. Notice that q 0 s k - 1, and thus,
w .q - 1 in 0, ` .
w x w xLet us fix an interval s, t such that q G k on s, t . Then
t t
e s q s q f s r s ds ) k e s dss .  .  .  .  .H H
s s
t
G k 2l t y s y A q d s ds .  .H
s
and hence
t tw xln r t rr s s ¨ 9 s r¨ s ds s d y eq y fr ds .  .  .  . . H H
s s
t
- k a y 2l t y s q 1 y k d s ds .  .  .H
s
F k A y 2l t y s q 1 y k d t y s .  .  .M
s k A y l t y s . 5.2 .  .
 . w xClaim. q ) k in 0, ` . To show this, we recall that q9 ) 0 in 0, T and
 .  xq 0 s k. Thus, q ) k on 0, T . Assume now that there is j ) T such that
 . w .  .  .   .  ..q j s k and q ) k in 0, j . Then, q9 j F 0 and by 5.2 , ln r j rr 0
w x w x  .  .  .F k A y lj - k A y lT F ln a ra . From this, a r j F a r 0L M M L
 .  .  .  .  .  .and hence, 1 y q 0 s 1 y q j F a j r j F a r j F a r 0 FM L
 .  .a 0 r 0 .
 .This is a contradiction, since q9 0 ) 0; and the proof of the claim is
complete.
 .  .  .  .  .From the claim that 5.2 , r t F r 0 exp A y lt , and thus, r t ª 0 as
 .t ª q`. From Proposition 5.1, lim q t s 1 and the proof of this caset ª`
is complete.
To prove the general case, let us write w s urU and notice that the
 .system 0.1 is equivalent to
w x w xw9 s w bU y bUw y c¨ , ¨ 9 s ¨ d y eUw y f¨ .
The proof follows now from the first case.
5.3. Remark. If a, . . . , f are almost periodic, then the real number m
in Proposition 5.2 can be chosen independent of t . To show this, assume
 .  .  .a ' b and suppose that there are sequences t , t , m such thatn n n
X  .t g R, t F t F t q T , m ) 0, m ª 0, t y t ª j , and u t F 0,n n n n n n n n n n
  .  ..   ..where u t , ¨ t s S t, t , k, m . From this,n n n n
1 F u t q a t ¨ t . 5.3 .  .  .  .n n n n n
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Since a, . . . , f are almost periodic, we can assume that there are
 .  .  .  .a#, . . . , f# g C such that a t q t ª a# t , . . . , f t q t ª f# t asq n n
n ª q`, uniformly on R. Let u# be the solution to the equation x9 s
w  .  . x  . w x  .x a# t y b# t x s a# t x 1 y x such that u# 0 s k. By the argu-
w xments in 1 ,
u t q t y u# t , ¨ t q t ª 0, 0 as n ª q` .  .  .  . .n n n n
 .   .  ..uniformly on compact subsets of dom u# . In particular, u t , ¨ t ªn n n
  . .  .  .u# j , 0 and by 5.3 , u# j G 1. This is a contradiction, since, by
Theorem 1.1, u# - 1. The proof is thereby complete.
5.4. PROPOSITION
 .  .  .Assume Av d y eU G 0 and let u, ¨ be a positive solution to 0.1
  .  .  ..  .  .  .such that u t y U t , ¨ t ª 0, 0 as t ª q`. Then, u s F U s for
 .some s g dom u, ¨ .
 .  .Proof. Assume that u ) U on I [ dom u, ¨ and define x s urU y
1 and y s ¨rx. Then,
x9 s yx 1 q x bU q cy , y9 s y g t q p t q cy .  .  .  .
 .  .where g s bU q d y eU and p s c y f ¨ q b y e Ux on I. Notice that
 .p t ª 0 as t ª q`.
 .Let us put m s bU r3 and fix a constant A ) 0 such thatL
tw xd y eU j dj G yA y m t y s for all t G s. .  .H
s
 .  .  .Let us also fix T g I such that p t G ym if t G T and write G t s g t
 .q p t . Then,
t
G j dj G yA q m t y s if t G s g I. .  .H
s
Now, define z s 1ry on I. Then, z9 q Gz q c s 0, and hence
t y1z t s Q t z T y Q s c s ds , for t G T , .  .  .  .  .H
T
 .  t  . .   ..where Q t [ exp yH G j dj F exp A y m t y T if t G T. So,T
t  .y1  . t   . .H Q s c s ds G c H exp m s y T y A ds ª q` as t ª q` andT L T
thus
t y1Q s c s ds s z T .  .  .H
T
 .for some t ) T. Consequently, z t s 0. This is a contradiction, since
z ) 0, and thus the proof is complete.
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 .5.5. Remark. If a, . . . , f are uniformly continuous and u, ¨ is a posi-
 .  .   .  .  ..tive solution to 0.1 such that u ) U in dom u, ¨ , then u t y U t , ¨ t
 .  .ª 0, 0 as t ª q`. To prove this, let us write x s urU y 1, and notice
 .  .that yx9rx G bU . So, x t ª 0 as t ª q`, and the proof follows fromL
 .Proposition 5.1 b .
 . w 2 t xy1  .EXAMPLE. Let us define d t s 2 e y 1 for 2 t ) yln 2, and f t
w  .xw  .xy1  .s 2 1 q d t 1 q 3d t for 2 t ) yln 2 and f t s 2r3 elsewhere.
 .  .  .Then, u, ¨ s 1 q d , d is a positive solution of 0.1 , with a s b s c s 1,
 .d s f , and e s 2 f. Notice that u ) 1 s U in dom u, ¨ .
Let us define C as the subset of C consisting of all g such thatA
 .  .Av g s Av g . It is easy to prove that g g C if and only if there is a realA
 .   ..number Av g s Av g such that
sqTy1lim T g t dt s Av g .  .H
Tªq` s
uniformly on s g R. In particular, C is a linear subspace of C, whichA
w xcontains the algebra of all almost periodic functions. See 3 .
  .xIn the following, I denotes the subset of 0, U t consisting of allt
  .. w xpoints x such that x, f x g P , where f is the function given byt t t t
 .  . w  .xTheorem 3.2. Obviously, U t g I , and by Proposition 5.1 c , x, U t ;t
  .x w  .xI , if x g I . Hence, there exists x G 0 such that x, U t ; I ; x, U t .t t t
  .xAnalogously, we define J as the subset of 0, V t consisting of allt
 y1 . . w xpoints y such that f y , y g Q .t t t
 .   .4 w x  .5.6. THEOREM. a If d y eU g C and I s U t then P s 0, `A t t t
 4= 0 .
 .   .x w x  . w .b If a y cV g C and I s 0, U t then, P s 0, ` = 0, ` .A t t t
 .  .From the change of ¨ariables, u, ¨ ª ¨ , u , we obtain a parallel result for
w xQ .t t
 .  .Proof. a We first prove that Av d y eU G 0. To this end, assume
 .  . w xAv d y eU - 0. By Proposition 5.2 there is p s x, y ) 0 in P sucht t
 .that x - U t .
 .   .. w x   ..If y G V t then x, f x g P see Proposition 5.1 c and thus,t t t
  .4x g I . This contradicts our assertion I s U t .t t
 .  y1 . . w xIf y - V t then f y , y g P and once again, we get a contra-t t t
 .diction. Thus, Av d y eU G 0.
w x   .  ..Assume now that P contains a point p ) 0, and let u t , ¨ t st t
 .  .S t, t , p . By Propositions 5.4 and 2.1, there is u G t such that u u -
 .   .   .. w xU u , and by the argument above, either u u , f u u g P oru u u
 y1  .  .. w x   .4f ¨ u , ¨ u g P . So, I / U u .u u u u
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 .  .  .  .On the other hand, the map S t , u : S t ª S u , S t , u q s2 2
 .S t , u , q , is a homeomorphism, which is onto, and now it is not hard to
prove that I is homeomorphic to I . This contradiction ends the proof.u t
 .   .x   .4  .b Since I s 0, U t , then J s V t , and by part a and thet t
 .  . w x  4  .change of variables u, ¨ ª ¨ , u , Q s 0 = 0, ` . The proof followst t
now from Theorem 4.3 and Remark 4.2.
w xRemark. In the proof of Theorem 4.8 of 4 it was implicitly assumed
 .that Theorem 5.6 b is true.
In order to facilitate the statement of our results, we say that a function
 .  .c : 0, b ª 0, ` ; 0 - b F `; is an a-function if
 .  . q1 c x ª 0 as x ª 0 .
 .  . y2 c x ª ` as x ª b if b - `.
 .3 c is continuous and strictly increasing.
 .  .  .4In this case we define E c s x, y : 0 - x - b , 0 - y - c x j
 . 4  .   ..x, y : x G b , y ) 0 . We also define E c resp. E c by replacingL U
  . .the inequality ``y ) 0'' resp. ``y - c x '' above by the inequality ``y G 0''
  . .resp. ``y F c x '' .
  .x5.7. THEOREM. Assume I s z, U t for some z ) 0. If a, . . . , f aret
  .. w xuniformly continuous and z, f z f Q then, there is an a-functiont t t
 .  .  .  . w x  .c : 0, b ª 0, ` such that c z s f z , and P s E c .t t t t t L t
  ..  .  .Proof. Let us write p s z, f z and let c : a , b ª 0, ` be givent t
w x  .by Theorem 4.4. Then a s 0, since p f P , and b holds since p ft t
w x w x  4Q . The proof will be finished if we show that P s p .t t t t t
 . w xLet p s x , y g P ; i s 1, 2; and assume that p - p . Fromi i i t t 1 2
 .  . w xProposition 5.1, x, y , x , y g P for x F x F x and y F y F y .1 2 t t 1 2 1 2
w xNow, it is easy to show that P is path connected.t t
w x w x0 w x  4 w xOn the other hand, P l p s B and P l p / B. Thus, Pt t t t t t t t
 4 w x; p , since P is connected.t t t
 4Let us fix q g p ; q ) 0; and u G t such thatt
u t , t , p - u t , t , q , ¨ t , t , p ) ¨ t , t , q if t G u . 5.4 .  .  .  .  .
 . w x0By Theorem 4.3, we can fix r in S t l q . If r s P , we get0 t t
w xq g P . Suppose now that r ) 0, and let us consider the followingt t
possibilities:
 .  .  .  .  .a u t, t , r - u t, t , q and ¨ t, t , r - ¨ t, t , q
  .  .  .  .b u t, t , r ) u t, t , q and ¨ t, t , r ) ¨ t, t , q
 .for t g dom S ?, t , q .
 .  .  .If a holds, then, ¨ s , t , p - ¨ s , t , r for s G u and by Remark 3.5,
 .  .  .u t, t , p ) u t, t , r for all t g R. In particular, z ) u t , t , r , and so
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 . w x w xu t , t , r g I . Thus, r g P and hence q g P . Analogously, q gt t t t t
w x  .P , if b holds, and the proof is complete.t t
5.8. PROPOSITION. Let a, . . . , f be almost periodic and assume Av d y
. w x 2eU - 0. Then, P is an open subset of R .t t q
w xA parallel result holds for Q .t t
 .  .y1Proof. Let us write y3l s Av d y eU and k s d l q dM . Byk
Remark 5.3 and Propositions 5.2, 5.1, there is a constant m ) 0 such that
  . . w . w xkU s , ` = 0, m ; P , for all s g R.s s
w x  .Let us fix t g R, and p g P and choose s G t such that U s yt t
 .  .  .u s , t , p - kU and ¨ s , t , p - m. Then S s , t , p belongs toL
  . . w . 2kU s , ` = 0, m , and hence there exists a neighborhood N of p in Rq
 .   . . w .such that S s , t , q g kU s , ` = 0, m if q g N. From Propositions
5.2 and 5.1
S t , s , S s , t , q y U t , 0 ª 0, 0 as t ª q` .  .  . .  .
w x   ..  .and therefore, N ; P , since S t, s , S s , t , q s S t, t , q . So, thet t
proof is complete.
 . w x  .  45.9. PROPOSITION. If Av d y eU ) 0, then P s 0, ` = 0 . A par-t t
w xallel result holds for Q .t t
 .  .Proof. Assume that there exists a positive solution u, ¨ of 0.1 such
  .  .  ..  .that u t y U t , ¨ t ª 0, 0 as t ª q`; and fix positive constants
 .  . <  .  . <l, m, « , T such that e q f « - l, ¨ t F « , and u t y U t F « forM M
t G T , and
t
d s y e s U s ds G ym q l t y s , for t G s. .  .  .  .H
s
w x  .Now, from the relation ln ¨ 9 s d y eU q e U y u y f¨ we get
 .  . w  .x  .¨ t r¨ T G exp ym q g t y T , where g [ l y e q b « ) 0.M M
 .Hence, ¨ t ª ` as t ª q`, and this contradiction ends the proof.
  .x5.10. COROLLARY. Assume I s z, U t , for some z ) 0. If a, . . . , ft
 .are almost periodic and Av a y cV / 0, then the assertions in Theorem 5.7
remain true.
  .. w xProof. It is enough to show that p [ z, f z f Q . To this endt t t
w  .xsuppose that this assertion is false. By definition, J s z, V t , and byt
 .   .4Proposition 5.8, Av a y cV ) 0. Hence, J s V t , and this contradic-t
tion ends the proof.
5.11. COROLLARY. Assume that a, . . . , f are almost periodic and Av a y
.  . w x  .  4  . w .cV .Av d y eU / 0. If P / 0, ` = 0 , 0, ` = 0, ` , then the asser-t t
 w x .tions in Theorems 5.7 are ¨alid. Compare with Theorem 4.8 of 4 .
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w x  .  4  . Proof. Since P / 0, ` = 0 , then Av d y eU - 0. See Proposi-t t
.   .xtion 5.9. From this, I s z, U t for some z G 0. By assumption, z ) 0,t
and the proof follows from Corollary 5.10.
 . 5.12. Remark. If a, . . . , f are almost periodic and A a y cV , Av d y
.  .  .eU - 0, then 0.1 has a solution u, ¨ such that u, ¨ belong to C . Thisq
w xis a partial answer to a question in 6 .
Proof. As in the proof of Proposition 5.8, there are positive constants
  . . w . w x w .k, m, k, m; k, k - 1; such that kU s , ` = 0, m ; P and 0, m =s s
  . . w xkV s , ` ; Q for all s g R.s s
 . w x w x   .  ..Let us fix p g S 0 such that p f P j Q , and define u t , ¨ t0 0 0 0 0
 .   . w x w xs S t, 0, p . Remember that S 0 is connected and P , Q are0 0 0 0 0
2 .disjoints open subsets of R . We shall show that u, ¨ g C . To this end,q q
let « ) 0 be given by Proposition 2.7 and notice that u q ¨ G « .
 .  .Assume that there is a sequence t in R such that ¨ t ª 0. Withoutn n
loss of generality, we can suppose that there are x g R and a#, . . . , f# in
 .  .  .  .  .C, such that u t ª x and a t q t ª a# t , . . . , f t q t ª f# t asn n n
n ª ` uniformly on R. Let u# be the solution to the equation
x9 s x a# t y b# t x 5.5 .  .  .
 .   .  .  ..  .given by u# 0 s x. Then, u t q t y u# t , ¨ t q t ª 0, 0 as n ª `n n
uniformly on compact subsets of R, and thus, u# G « .
 .  .  .Hence, u# is the unique solution to 5.5 in C and U t q t ª u# tq n
 .  .as n ª ` uniformly on compact subsets of R. From this, u t y U t ª 0.n n
 .  .  .Let us fix an integer N such that u t y U t - kU and ¨ t - m.N N L N
  .  ..   . . w . w xThen, u t , ¨ t g kU t , ` = 0, m ; P for t s t and so,N N N t t N
  ..   . .  . w xS t, t , S t , 0, p y U t , 0 ª 0, 0 as t ª q`. From this, p g P ,0 0
and this contradiction shows that ¨ g C . Analogously u g C , and theq q
proof is complete.
w x  .  4  . w .5.13. Remark. Suppose that P / 0, ` = 0 , 0, ` = 0, ` , and lett t
 .z s inf I . Then, there is a continuous and strictly increasing functiont
 .  .  .  .  .c : a , b ª 0, ` ; 0 F a - b F q`; such that c z s f z ; c x ª 0t t t t
q  . yas x ª a and a ) 0; c x ª ` if x ª b and b - `; andt
 40, a = 0 j x , y : a - x - b , 0 F y - c x 4  .  .t
j x , y : x G b , y G 0 4 .
w x; Pt t
 4; 0, a = 0 j x , y : a - x - b , 0 F y F c x 4  .  .t
j x , y : x G b , y G 0 . 4 .
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 . w xSketch of the Proof. Notice that x, 0 g P for all x ) 0. Definet t
  . w x 4   44 A s y G 0: x, y g P , a s inf x ) 0: A / 0 , b s sup x ) 0: Ax t t x x
 .  .4is bounded, and c x s sup A . By Proposition 5.1, c is increasing andt x t
the proof follows from the arguments in Theorem 4.4.
6. DESCRIPTION OF NONTRIVIAL CLASSES
 .  .  w  .x   .. w x 4For p g S t , we let I p s x g 0, U t : x, f x g p .0 t t t
 .6.1. PROPOSITION. I p is an inter¨ al.t
 .Proof. Let us fix x - x in I and x g x , x . Define p s0 2 t 1 0 2 i
  ..x , f x ; i s 0, 1, 2; and notice that p ! p ! p . Thus, there existsi t i 0 1 2
 .  .  .  .u G t such that 0 F u t, t , p y u t, t , p F u t , t , p y u t, t , p for1 0 2 1
 .  .t G u . So, u t, t , p y u t, t , p ª 0 as t ª q`. A similar result holds1 0
for the ¨-component, and the proof follows easily.
 .  .  .6.2. THEOREM. Assume I p s a , b ; p g S t ; and define q st 0 0 0
  ..   ..  4  4t w xa , f a , r s b , f b . Then, q l r ; p , and we ha¨e equalityt t t 0 t
if a, . . . , f are almost periodic.
 4t  4Proof. Let p g r l q , and fix s G t , such thatt
S s , t , q !S s , t , p !S s , t , r . 6.1 .  .  .  .
 .  .  .Using the homeomorphism S s , t : S t ª S s , it is easy to prove2 2
  ..   .  ..  .  .that I S s , t , p s u s , t , q , u s , t , r . Now let u, ¨ , u, ¨ g Ss 0 0
 .  .  .   ..  .  .be defined by u s s u s , t , p , ¨ s s f s , u s , ¨ s s ¨ s , t , p ,
y1 .   ..  .  .  .   .and u s s f ¨ s . Notice that, by 6.1 , u s , u s g I S s , t , p ,f s 0
 .   .  ..and by Remark 2.2, u - u - u and ¨ - ¨ - ¨ on s , ` , where u t , ¨ t
 .   .  ..    .  ...  .s S t, t , p . From this, u t , ¨ t y S t, s , u s , ¨ s ª 0, 0 as t ª
w x    .  ...   ..q` and then, p g p since, S t, s , u s , ¨ s y S t, s , S s , t , p0 t 0
  ..  .ª 0 as t ª q` and S t, s , S s , t , p s S t, t , p .0 0
w xNow, suppose that a, . . . , f are almost periodic and fix p in p . We0 t
 .must prove that 6.1 is satisfied for some s G t .
 . w x0  .To this end, let us fix p in S t l p . If p s p , then 6.1 is1 0 t 1
satisfied, with s s t , and so, we can assume without loss of generality that
p - p.1
 .  .Claim. Given t G t , there is t ) t such that u t , t , p - u t , t , r .0 1 0 1 1
 .  .To prove this, assume that u t, t , p G u t, t , r for t G t . Since p ! r, we0 1
 .  .  .  .get 0 - u t, t , r y u t, t , p F u t, t , p y u t, t , p for t G t , and so,1 1 0
 .  .u t, t , r y u t, t , p ª 0 as t ª q`.1
 .By Remark 3.4, f t , x is almost periodic and, consequently, uniformly
 .  . w xcontinuous. Thus, ¨ t, t , r y ¨ t, t , p ª 0 as t ª `, and r g p . This1 0 t
contradiction proves the claim.
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 .  .  .Let us fix s ) t such that u s , t , p - u s , t , r . If ¨ s , t , p -
 .  .¨ s , t , q there is nothing to prove. Remember that p - p. Thus, we1
 .  .  . can assume ¨ s , t , p G ¨ s , t , q ) ¨ s , t , r , and so S t, t ,
.  .p !S t, t , r for all t G s .
 .  .By the arguments above, there is u ) t such that ¨ u , t , p - ¨ u , t , q .
 .  .As before, we can assume u u , t , p G u u , t , r , and hence
 .  .  .  4S t, t , q !S t, t , p , for all t G u . Therefore 6.1 is satisfied by max s , u ,
and the proof is complete.
6.3. COROLLARY. Suppose that a, . . . , f are almost periodic and let p g
 .S t .0
 .  .   .. w x  .  .a If I p s 0, U t , then p s 0, ` = 0, ` .t t
 .  .   ..   ..b If I p s a , U t for some a ) 0, and q [ a , f a ft t
w x  .  . w xQ , then there is an a-function c : 0, b ª 0, ` such that and p st t t t
 .E c .t
 .  .From the change of ¨ariables u, ¨ ª ¨ , u , we get a similar result, when
 .  .  .   .. w xI p s 0, g for some g - U t , and g , f g f P .t t t t
 .  .  .  .   ..c If I p s a , g for some 0 - a - g - U t , and a , f a ft t
w x   .. w x  .  .Q and g , f g f P , then there exist a-functions c : 0, b ª 0, ` ,t t t t t t t
t  t .  . t  . t  .c : 0, b ª 0, ` ; b F b such that c x ) c x ; 0 - x - b andt t t
w x  .  t .  2 4p s E c l E c 9, where A9 [ p g R : p f A and p / 0 for A ;t t U q
R2 .q
 .  .   .4  .  4Proof. a In this case I P s U t , I Q s 0 , and the resultt t t t
follows from Theorem 5.6.
 . w x  4b In this case, p s q , see Theorem 6.2; and the proof followst t
from Theorem 4.4.
 .Part c follows also from Theorems 4.4 and 6.2. Thus, the proof is
complete.
 .  x  . w x6.4. Remark. Assume I p s a , g for some g - U t . Then pt 0 0 t
 4  4t . w x0   ..   ..s q l r j r , where q [ a , f a and r [ g , f g . To showt t t t
 4  4t w xthis, we remark that by the arguments in Theorem 6.2, q l r ; p ;t t
w x0 w x  4  4t . w x0and by Remark 4.2, p ; p . Now, fix p g q l r j p andt t t t
w x0  .p g p l S t . By the arguments in Theorem 6.2, we can assume that1 t 0
 .  .  .there is s G t such that S t, t , q !S t, t , p for t G s . If u t, t , p -
 .u t, t , r for some t G t , there is nothing to prove. Suppose now that
 .  .   ..u t, t , p G u t, t , r for t G t , and fix n g g , U t . If we define r s
  ..  .  .  .  .n , f n , then 0 - u t, t , r y u t, t , p F u t, t , p y u t, t , p ª 0 ast 1 1
w x w x  .t ª q`. From this p g r and then r g p . Thus, n g I p and1 t 0 t t 0
this contradiction ends the proof.
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w x  .This remark and Theorems 4.4, 5.6 let us describe p when I p st t
 xa , g .
 .  4  .6.5. Remark. Let us assume I p s a for some 0 - a - U t . Us-t
w x w x0ing Theorem 4.3, it is easy to prove that p s p , and then we cant t
w xdescribe p through Theorem 4.4.t
w x w x  .The description of p when I s a , g for some 0 - a - g - U tt t
follows the same pattern of this section.
7. THE PERIODIC CASE
In this section we assume that a, . . . , f are T-periodic, for some T ) 0,
w x  .and we obtain a complete characterization of the classes p , p g S t .t 0
 .7.1. PROPOSITION. If a is an endpoint of I then S t, t , q is T-periodic,t
  ..  . w xwhere q [ a , f t , a . In particular, if I p s a , b , then a s b.t
  .  ..  .Proof. Let us define u t , ¨ t s S t q nT , t , q for all integersn n
 .  .n g Z; and suppose that u , ¨ is not T-periodic. Then u y u ¨ y0 0 n 0 n
.  .¨ - 0, for n / 0, since u , ¨ g S . See Remark 3.5.0 n n 0
 .  .Assume u - u resp. u ) u then, u - u resp. u ) u and by1 0 1 0 0 y1 0 y1
w x   .  ..  .    .  ...Theorem 4.1 of 4 , a g u t , u t ; I p resp. a g u t , u t .1 y1 t y1 1
This contradiction ends the proof.
w x7.2. THEOREM. For the set P , only one of the following possibilitiest t
exists:
 . w x  .  4a P s 0, ` = 0t t
 . w x  . w .b P s 0, ` = 0, `t t
 . w x  .  .c P s E c for some a-function c . In this case, 0.1 has at t t t
 .T-periodic solution u, ¨ such that u, ¨ ) 0.
w xWe ha¨e a parallel result for Q .t t
Proof. We have the following possibilities:
 . w  .x  .a I s z, U t for some z ) 0. In this case, z s U t and, byt
w x  .  4Theorem 5.6, P s 0, ` = 0 .t t
 .   .xb I s z, U t for some z G 0. In this case, Theorem 5.6 impliest
w x  . w .P s 0, ` = 0, ` , if z s 0. Assume now that z ) 0. By Propositiont t
  .  ..    ...  .7.1, u t , ¨ t [ S t, t , z, f z is T-periodic and u, ¨ ) 0 since U tt
  .. w x) z ) 0. Notice also that z, f z f Q , since u ) 0, and the prooft t t 0
follows from Theorem 5.7.
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 . w x w x w xLet us fix p in S t such that p / P , Q . Using Corollary 6.30 t t t t t
and Remark 6.4, it is easy to prove:
w x  .  .  .7.3. THEOREM. p belongs to the following list of sets: 1 0, ` = 0, ` ,t
 .  .  . w  .  .x  .  .  t .  .  .  .2 E c , 3 E c j E c 9, 4 E c l E c 9, 5 E c , 6U L t U U
 .  . 4  .  .  t .  .  .  t .E c _ x, y : x s 0, y G 0 , 7 E c l E c 9, 8 E c l E c 9,L t U t U
 . w x0 t9 p ; for some a-functions c , c , c .t t
REFERENCES
1. S. Ahmad, On almost periodic solutions of the competing species problems, Proc. Amer.
 .Math. Soc. 102, No. 4 1988 .
2. C. Alvarez and A. Lazer, An application of topological degree to the periodic competing
 .species problem, J. Austral. Math. Soc. Ser. B 28 1986 .
3. A. M. Fink, Almost periodic differential equation, in ``Lecture Notes in Mathematics,''
Vol. 377, Springer-Verlag, BerlinrNew York, 1974.
4. P. De Mottoni and A. Schiaffino, Competition systems with periodic coefficients: A
 .geometric approach, J. Math. Biol. 11 1981 , 319]335.
5. A. Tineo, Asymptotic behavior of positive solutions to the nonautonomous Lotka-Volterra
 .competition equations, Differential Integral Equations 6, No. 2 1993 , 449]457.
6. A. Tineo, An iterative scheme for the n-competing species problems, J. Differential
 .Equations 116 1995 , 1]15.
